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Abstract
We argue that in strongly correlated electron system collective instanton excitations of the phase field (dual to
the charge) arise with a great degree of stability, governed by gauge flux changes by an integer multiple of 2π. By
unraveling consequences of the non-trivial topology of the charge gauge U(1) group, we found that the pinning
of µ and the zero-temperature divergence of charge compressibility κ ∼ ∂ne/∂µ defines novel “hidden” quantum
criticality on verge of the Mott transition governed by the protectorate of stable topological numbers rather than
Landau paradigm of the symmetry breaking.
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The understanding of the observed doping depen-
dence of µ in cuprates remains a puzzle. In the case of
LSCO, the angle-resolved photoemission spectroscopy
studies [1] have shown that in underdoped samples, the
chemical potential is pinned above the top of the lower
Hubbard band. The photoemission measurements of
core levels also shows that µ does not move with hole
doping in the underdoped region. The behavior of µ
is quite peculiar from the viewpoint of the Fermi liq-
uid theory of the metallic states and signals a dramatic
reorganization of the electronic structure of cuprates
with doping. In cuprates there is clear evidence for
the existence of a special doping point in the lightly-
overdoped region where superconductivity is most ro-
bust. This indicates that it could be a quantum crit-
ical point (QCP) while the critical fluctuations might
be responsible for the unconventional normal state be-
haviour [2]. The resemblance to a conventional QCP is
hampered by the lack of any clear signature of thermo-
dynamic critical behavior. Experiments appear to ex-
clude any broken symmetry around this point although
a sharp change in transport properties is observed [3].
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We explore Mott transitions from the non-magnetic
insulator to a superconductor induced by doping and
show that the process is governed by the topological
structure of the electromagnetic compact gauge U(1)
group. As a result collective instanton excitations of
the phase field (dual to the charge) arise with a great
degree of stability, governed by gauge flux changes by
an integer multiples of 2π, which labels topologically
ordered ground states. The associated abrupt transi-
tion between differnt “vacua” allows us to make link
between the unusual behavior of the chemical poten-
tial and a novel type of quantum criticality that goes
beyond the paradigm of the symmetry breaking.
We consider an effective one–band electronic Hamil-
tonian on a tetragonal lattice that emphasises strong
anisotropy and the presence of a layered CuO2 stack-
ing sequence in cuprates: H =
∑
ℓH
(ℓ), where H(ℓ) =
H
(ℓ)
tJ +H
(ℓ)
U +H
(ℓ)
⊥ +H
(ℓ)
µ , where
H
(ℓ)
tJ = −
∑
〈rr′〉
tc†αℓ(r)cαℓ(r
′) + t′
∑
〈〈rr′〉〉
c†αℓ(r)cαℓ(r
′)
+J
∑
〈rr′〉
[
Sℓ(r) · Sℓ(r
′)−
nℓ(r)nℓ(r
′)
4
]
. (1)
Preprint submitted to Elsevier Science 14 November 2018
Here, 〈r, r′〉 and 〈〈r, r′〉〉 denotes summation over the
nearest-neighbour and next–nearest–neighbour sites
labelled by 1 ≤ r ≤ N within the CuO plane, re-
spectively, with t, t′ being the bare hopping integrals
t′ > 0, while 1 ≤ ℓ ≤ N⊥ labels copper-oxide lay-
ers. The operator c†αℓ(r) creates an electron of spin α
at the lattice site (r, ℓ). Next, Saℓ (r) stands for spin
operator and J is the antifferomagnetic exchange. Fur-
ther, nℓ(r) = n↑ℓ(r) + n↓ℓ(r) is the electron number
operator, where nαℓ(r) = c
†
αℓ(r)cαℓ(r), respectively;
H
(ℓ)
µ = −µ
∑
r
nℓ(r) and µ is the chemical potential.
The Hubbard term is H
(ℓ)
U =
∑
ℓr Un↑ℓ(r)n↓ℓ(r) with
the on–site repulsion Coulomb energy U , while H
(ℓ)
⊥ =
−
∑
rr
′ t⊥(rr
′)c†αℓ(r)cαℓ+1(r
′) facilitates the interlayer
coupling, where t⊥ is the interlayer hopping with the
c−axis dispersion ǫ⊥(k, kz) = 2t⊥(k) cos(ckz), while
t⊥(k) = t⊥ [cos(akx)− cos(aky)]
2.
We decouple the Hubbard term HU using the col-
lective variable and iV (rτ ) conjugate to the local par-
ticle number nℓ(rτ ). Further, we introduce the phase
(or “flux”) field φℓ(rτ ) via the Faraday–type relation
φ˙ℓ(rτ ) ≡
∂φℓ(rτ)
∂τ
= V˜ℓ(rτ ) and perform the gauge
transformation to the new fermionic variables fαℓ(rτ ),
where cαℓ(rτ ) = e
iφℓ(rτ)fαℓ(rτ ). The electromagnetic
U(1) group governing the phase field is compact, i.e.
φℓ(rτ ) has the topology of a circle (S1), so that in-
stanton effects can arise due to non-homotopic map-
pings of the configuration space onto the gauge group
S1 → U(1). Therefore, we concentrate on closed paths
in the imaginary time 0 ≤ τ ≤ β ≡ 1/kBT which
fall into distinct, disconnected (homotopy) classes la-
belled by the integer winding number mℓ(r)[4]. In the
limit of strong (weak) correlations the electron num-
ber ne ≡ 〈c¯c〉 interpolates between topological nb ≡
〈m〉 (fermionic nf ≡ 〈f¯f〉) occupation numbers [5]. In
the large–U limit µ → nfU/2, so that ne → nb and
the system behaves as governed entirely by U(1) topo-
logical charges which play the role of “quasiparticles”.
Moreover, due to the frustrated motion of the carri-
ers in the fluctuating bath of U(1) gauge potentials
the actual tight-binding parameters become “dressed”
t⋆X = tX〈e
−i[φℓ(rτ)−φℓ(r
′τ)]〉, where tX = t, t
′, t⊥ are
the bare band parameters. It is instructive to calculate
the charge compressibility κ = ∂ne/∂µ. The result is
given in Fig.1 along with the outcome for the super-
conducting phase boundary. We see the evolution of κ
with decreasing ne, (i.e. hole doping) from the Mott
insulator [6] with κ = 0 (at 2µ/U = 1) to a point of de-
generacy on the brink of the particle occupation change
at 2µ/U = .5 where κ = ∞ at T = 0. This is also the
point on the phase diagram from which the supercon-
ducting lobe emanates. It is clear that, the nature of
the divergence of κ here has little to do with singular
fluctuations due to spontaneous symmetry breaking as
in the “conventional” phase transition. Rather, this di-
Fig. 1. The superconducting critical temperature Tc as a func-
tion of the chemical potential µ together with the density
plot of the charge compressibility κ˜ ≡ Uκ/2 for t⋆ = 0.5eV,
t′⋆/t⋆ = 0.3, t⋆
⊥
= 0.01eV, J = 0.15eV and U = 4eV. Inset:
the chemical potential µ as a function of the occupation num-
ber ne ≈ nb for various temperatures T . The value of µ stays
within the charge gap as nb changes.
vergent response appears as a kind of topological pro-
tection built in the system against the small changes
of µ. Further, κ→∞ implies that the and ∂µ/∂ne be-
comes vanishingly small at T = 0 which results in the
chemical potential pinning (see, inset of Fig.1).
To conclude, topological effects arise as stable, non-
perturbative, collective excitations of the phase field
(dual to the charge), which carry novel topological
characteristics. These are the winding numbers of U(1)
group: mℓ(r) ≡
1
2π
∫ β
0
dτ φ˙ℓ(rτ ) that become topologi-
cally conserved quantities. It is exactly the appearance
of these topological charges that render the system pro-
tected against small changes of the Hamiltonian’s pa-
rameters. This novel conservation does not arise just
out of a symmetry of the theory (as “conventional”
conservation laws based on Noether’s theorem) but it
is a consequence of the connectedness, i.e. topology of
the phase space, related to the topological properties
of the associated symmetry group.
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